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We determine the stability of a nonequilibrium interface between two coexisting
solid phases in the presence of a weak external field. Starting at the coarse-
grained (Cahn-Hilliard) level, we use the method of matched asymptotics to
derive the macroscopic interfacial dynamics. We then show that the external
field leads to an instability due to flux along the interface, in contrast with the
more common Mullins—Sekerka type instability, which involves fluxes normal to
the interface. We also find that the external field produces an important
modification of the Gibbs-Thomson relation. With these results, we perform the
linear stability analysis for an approximately flat interface. If the field is tangent
to the interface, the modification of the Gibbs-Thomson relation is important
and the interface is stabilized. If the field is normal to the interface, the surface
flux is important, and the effect can be stabilizing or destabilizing, but the orien-
tational dependence is opposite what would be obtained if the Mullins—Sekerka
instability dominates. Numerical simulations are performed to study the effect of
the surface current and are in agreement with our analytical results.

KEY WORDS: Interfacial dynamics; stability analysis; nonequilibrium steady
states.

1. INTRODUCTION

The dynamics of nonequilibrium interfaces is a determining factor in many
pattern—forming processes. Familiar examples include directional solidifica-
tion of binary alloys”~* and viscous fingering in Hele-Shaw cells.*) Impor-
tant progress has been made in the characterization of the steady-state
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patterns and in understanding how-these patterns are seleced.* # Likewise,
the dynamics of the evolution from the initial state also contain interesting
and important features. For example, the stability and shape of the
steady-state finger in flow in a rectangular Hele-Shaw cell does not depend
on the difference in the viscosities of the two fluids (in the small-surface-
tension limit). If, however, the viscosities are equal, the system generally
does not evolve toward the single-finger steady state.®”) In these problems
progress has followed from a description of the interfacial dynamics.®'? In
particular, if one has a microscopic or coarse-grained description, a first
step is often the derivation and analysis of the associated interface
equations. 317

In this paper we study the dynamics of an interface between two
coexisting solid phases. The system is assumed to be far from criticality and
driven out of equilibrium by a weak external field which, through the
chosen boundary conditions, induces a flux. We start at the coarse-grained
level using the Cahn—Hilliard equation with an additional flux induced by
the external field. This model has been used to study both bulk proper-
ties"®2Y and the interfacial dynamics®>2® of driven diffusive systems
(DDS)?"* and phase ordering dynamics in the presence of a field.(**?
Using the method of matched asymptotic expansions,*>'”) we derive
a macroscopic description of the interfacial dynamics from the bulk
Cahn-Hilliard equation. For such a description, we need a Gibbs—
Thomson relation which relates the deviation of the order parameter near an
interface from its coexistence or steady-state value to the local orientation
and curvature of the interface. In the absence of a field, the shift in the
order parameter is the same on both sides of the interface. We find that the
external field produces a novel asymmetry in this shift on the two sides.

For the macroscopic description we also need an expression for the
normal velocity of the interface. We show that due to the external field,
there is an additional mechanism operative which does not usually arise in
the expression for the normal velocity and which can lead to instability. In
the more common case of a Mullins-Sekerka instability® a small bump on
an otherwise flat interface will create a larger gradient in the relevant quan-
tity (e.g., temperature, pressure, or concentration) in front of itself. If the
restoring force (such as supplied by surface tension) is not sufficiently
large, the bump will grow and the interface is unstable. In our case, the
mechanism is not due to such gradients, but rather is due to an imbalance
of flux along the interface. The modifications of the Gibbs-Thomson
relation and the equation for the normal velocity produce important
qualitative changes in the interfacial dynamics. Neither of these effects has
been included in previous analyses.®> 2%

Armed with the macroscopic description, we perform a linear stability
analysis for a planar interface. We determine the dispersion relation and
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find that, at small wavenumbers &, a perturbation #, of the interfacial posi-
tion behaves as |h,/h,| ~k? if the field is normal to the interface and
hy/h, ~ —k>? if the field is tangent to the interface.

More specifically, we find that the surface flux is important if the field
in normal to the interface, and it has a stabilizing or destabilizing effect
depending on the direction of the field. As will be discussed, the directional
dependence is opposite that which would be expected from the Mullins—
Sekerka instability.*¥ The directional dependence when the field is normal
to the average interface has been observed in simulations of phase ordering
dynamics®"*? and fingering in driven diffusive systems.?®

If the external ficld is parallel to the interface, the modification of the
Gibbs-Thomson relation is the most important effect. The external field
provides a new relaxation mechanism and stabilizes the interface. Monte
Carlo simulations of Leung et al.®¥ suggest that, for the lattice model, the
roughening transition may be raised to (the nonequilibrium) T, by an
external parallel field. Although we use a continuum description, the
additional interfacial stabilization in our model could be related to the
raising of the roughening temperature in the associated lattice system.

The organization of the remainder of this paper is as follows. In
Section 2 we discuss the basic dynamical equations and the planar steady-
state solutions. In Section 3 we present the equations describing the macro-
scopic interfacial dynamics. In the Appendix we derive these equations
using the method of matched asymptotic expansions. With the macroscopic
description, in Section 4 we consider the linear stability of a planar inter-
face. In Section 5 we study the effect of the enhanced surface flux on the
stability of the interface via simulation of the coarse-grained bulk equa-
tions. The orientational dependence of the instability is in agreement with
our predictions. Section 6 is reserved for concluding remarks.

2. THE MODEL AND STEADY-STATE SOLUTIONS

In this section we discuss a model for a two-phase system in an
external field. Let ¢(r, ¢) be the local order parameter at point r and time z.
The order parameter c is positive in one phase, negative in the other, and
the interface is at ¢ =0. We take for the equation determining c(r, ¢),

0
—€=Vz,u——E-Va(c) (2.1)
ot
where E is the external field and a(c) is the order-parameter-dependent
mobility.> The local chemical potential u is assumed to be of the form

*We choose time to have dimensions of (length)? and chemical potential u to have
dimensions of concentration ¢, so the susceptibility y = (8u/d¢)~! is dimensionless.
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py— E3V%c, where up does not contain any gradients and &, is a measure
of the interfacial width. For the “standard model,” pz= —c+¢*. For E=0
we recover the Cahn-Hilliard equation®® used in the study of phase
ordering dynamics with conserved order parameter.®

To interpret the E dependence we arrive at Eq. (2.1) in two steps. The
conserved order parameter ¢(r, f) obeys the continuity equation

Oc(r, t) . _
T—FV-](r, 1)=0 (2.2)

where j is the order parameter current, which we take to be given by

j= —Vu+a(c)E (2.3)

The simplest form of the order-parameter-dependent mobility consistent
with Ising-like symmetry is o(c)=1-—ac?, where a is a constant. More
generally, the mobility is large at the interface where ¢? is small and
suppressed in the bulk phases. The order parameter dependence leads to
the additional term in Eq. (2.1) and is important because the leading E
dependence in the current drops out of the continuity equation,
Eq. (2.2).%% In principle, the kinetic coefficient multiplying Vu should have
the same order parameter dependence. For the nonequilibrium steady
state, this is unimportant relative to the coupling to the external field and
is ignored here. (However, this term would be important if we were con-
sidering the equilibrium profile for a system with closed boundary condi-
tions, i.e., walls, rather than open boundary conditions.)

If we assume the “standard model,” u= —c+¢® —¢2V2c and o(c)=
1—¢?% we can obtain, for sufficiently small E, stationary solutions of
Eq. (2.1) corresponding to planar interfaces with constant normal
flux."2% Let i be the normal to the interface pointing into the “plus”
phase and let u be the signed distance to the interface (x>0 in the “plus”
domain). The order parameter profile of the stationary solution is

¢ (u)=c,(e)tanh (é i/§> (24)

where the bulk saturation value ¢ (e) and interfacial width ¢, depend on
e=E-ii as

2le)=1+.2E-i=1+.2e

f=2

Coo

(2.5)
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This analysis can be repeated for more general forms of the chemical
potential p=pu,—EXV?c corresponding to a double-well free energy,
although the solution can no longer be written in a simple form. We find
that, for small e,

cm(e)zceﬁi“zQ—cﬂE-ﬁ (2.6)

where c., = ¢, (0) is the bulk concentration in zero field, y = (8;1/6)c)e‘q1 is
the zero-field susceptibility, and Q = —(do/dc),,. The quantity

o«

BoOce=[  dulo(co()—ole.y)] (2.7)

where cq(u) is the zero-field planar profile, is a direct measure of the order-
parameter dependence of the mobility, with §, being a microscopic length
of order £,. For the “standard model” we have Ceq=1, x=1/2, 0=2, and
Bo= \/5 ¢o. The steady-state solution will be physically relevant only if it
is stable against fluctuations in the bulk. This sets a lower (negative) bound
on E-#, ie, c,, must be larger than the spinodal value ¢ ip000 (=1 /\/5 for
the “standard model”). In this paper we limit the discussion to small E so
that Coo > Cspinodal'

3. MACROSCOPIC DESCRIPTION OF
INTERFACIAL DYNAMICS

In this section we discuss the interfacial dynamics for small driving
field at the macroscopic level. There are three ingredients: (i) the equation
for the time evolution of the order parameter in the bulk, (ii) the analogue
of the Gibbs-Thomson boundary condition, and (iii) an equation for the
normal velocity of the interface. We show in the Appendix how to derive
these ingredients in a systematic manner using the method of matched
asymptotic expansions.”>'”) The essential feature of the derivation is an
expansion in the ratio of the interfacial width to macroscopic length scales,
to be defined below, which are determined by the curvature and the exter-
nal field. In this section we quote results to first order in the expansion.

The first ingredient of the macroscopic description is the equation
governing the order parameter in the bulk away from the interface, which
becomes to leading order®®

06
a_[":ozxfl[vz(sciK-Véc] (3.1)
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where the upper (lower) sign holds in the “plus” (“minus”) phase,
dc(r, 1) = c(r, 1) F ¢y, and K= yQE. Note that K ' is a macroscopic length
scale related to the external field.?*>?* The corresponding current is

j= —1 '[Voc+K dc] (3.2)

The bulk dynamics is essentially an expansion of Eq. (2.1) around the zero-
field equilibrium values. Note that to first order the quasistatic approxima-
tion, ddc/dt =0, holds in the bulk.

The second ingredient is the Gibbs-Thomson boundary condition.
This relation gives the value of the order parameter near a curved or
otherwise perturbed interface and is used as the interfacial boundary condi-
tion for the order parameter in a macroscopic description of the interfacial
motion.'*® In the absence of a field, the Gibbs—Thomson boundary condi-
tion arises from a statement of local equilibrium, and the order parameter
near the interface is determined by local quantities such as the local
curvature and the local surface tension.

In the present situation the concept of local equilibrium is replaced by
“local steady state.” As shown in the Appendix, we may assume that, near
the interface, structures with size on the order of the interfacial width will
relax to their quasi stationary form on much smallar time scales than the
time scales on which the position of the interface changes. In Section 2 we
saw that the steady state of a planar interface depends on its orientation.
The simplest assumption is that, for small distortions and external field, the
effects of curvature and “tilt” are additive. As shown in the Appendix, this
is indeed true to first order in the expansion.

We find that the Gibbs—Thomson boundary condition for the limiting
order parameter as the interface is approached from the “plus” and
“minus” phases is

by = thy =2 A £5LBoK (33)
where @ is the local normal to the interface defined as pointing into the
“plus” phase, and u is the signed distance from the interface. The curvature
A = —V - is defined as positive for a bump of the “plus” phase protrud-
ing into the “minus” phase. The microscopic capilliary length is d, = y[I /ch
and the zero-field surface tension is I'=¢] [ du[d,co(u)]> and B, is the
microscopic length scale related to the ¢ dependence of ¢ as defined in Sec-
tion 2. Both d, and f, are order &,. (In the “standard model” d,=¢&, \/5/3
and Bo=¢&o+/2=3d,.)

The first term on the RHS of Eq.(3.3) is independent of the side
from which the interface is approached and is simply the equilibrium
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Gibbs-Thomson boundary condition indicating that the order parameter
near the macroscopically sharp interface is shifted by an amount propor-
tional to the curvature. The external field E produces an additional term
which depends on whether the interface is approached from the “plus” or
“minus” phase. As will be shown, the new term in the boundary condition
leads to an additional stabilizing mechanism when the field is tangential to
the unperturbed interface. This new mechanism dominates the stability in
that case.

The last ingredient is the expression for the normal velocity of the
interface. We find that

L

U=
2¢,

L
L1+ 57 Bot (K- ) (34)
4

q

where j, is the normal current and [+],= (). —(¢)_ is the discontinuity
across the interface (see footnote 3). The normal velocity v is defined as
positive if the “minus” phase advances into the “plus” phase. Projecting
Eq. (3.2) in the normal direction, we can rewrite Eq. (3.4) as

v= —

1 .
e [8,0¢],+5 20 (K- i) (3.5)

€q

where oy = fi, — d, is taken to be positive, as it is in the “standard model”
(ag=2dy,=&,2 \/5/3 in the “standard model”).

The first term on the RHS of Eq. (3.4) is the discontinuity of the
normal current which will appear even without the field. The second term
in Eq. (3.4) is not present if the mobility is independent of the order
parameter (Q =0). As shown in the Appendix, this additional term is due
to the variation in the tangential current along the interface, 0, j,, and
arises from the increased mobility near the interface. In zero field, 4, j, is
higher order in the expansion, and, in the long-wavelength limit, is
negligible relative to the discontinuity in the normal current.®?”) We will
show that the new mechanism represented by the second term of Eq. (3.4)
determines the stability of the interface.

The orientational dependence of the surface current contribution to
the normal velocity, ie., the second term in Eq. (3.4), is shown schemati-
cally in Fig. 1. If E - is positive, the enhanced surface transport tends to
smooth out small perturbations and the interface is stabilized, as shown in
Fig. 1a. On the other hand, if E - {i is negative, as in Fig. 1b, the enhanced
surface transport will amplify small perturbations, and the interface is
destabilized. This orientation dependence differs from that which would
obtain in an appropriately driven system if the Mullins—Sekerka instability
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(a) (b)

Fig. 1. Schematic diagram showing the effect of the surface current on a perturbed interface
oriented normal to the field. The ¢ >0 region is shaded and the field drives positive ¢ to the
right. The small black arrows indicate the direction of current along the interface. The large
white arrows indicate the motion of the interface. (a) A stable interface with respect to the
surface currents. Due to the surface current, small bumps are rapidly filled in. (b} An unstable
interface with respect to the surface currents. For this orientation, the surface current amplifies
small bumps.

0 50 100 150 200
Z

Fig. 2. The concentration profile of a kink—antikink pair. This profile is obtained from the
numerical simulations described in Section 5. Such pairs occur if periodic boundary conditions
are imposed in the field direction. The asymptotic order parameter values c,, are defined in
Eq. (2.5). (Due partly to the curvature effects discussed in Section 3, the asymptotic values are
not precisely reached.) Note that the bulk is undercooled on both sides of the left-hand
interface. This interface would be unstable to displacements if a Mullins—Sekerka-like
instability dominated.
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dominates.** Consider, for example, Fig. 2, showing, in periodic boundary
conditions, a kink—antikink pair. Notice that the left-hand interface
separates undercooled bulks. One might expect the left-hand interface to
exhibit a Mullins—Sekerka instability while the right-hand interface is
expected to be stable. However, the new surface current mechanism has a
stabilizing effect on the left-hand interface and succeeds in destabilizing the
right-hand one.

2. LINEAR STABILITY ANALYSIS

With the macroscopic description provided in the previous section, we
can consider the linear response of a flat interface to small perturbations.
We assume now that we have an interface which, unperturbed, has its
normal in the fi direction. We assume that far away from the interface, the
order parameter is given by +c., where ¢, is the steady-state bulk value
given by Eq. (2.5) and depends on E - fi. The interfacial dynamics is then
given by Egs. (3.1), (3.3), and (3.5).

Let the position of the unperturbed interface be z =0, with the “plus”
phase occupying z > 0. The position of the perturbed interface is given by
z(x, t)=hexp(w,t —ikx), where A is much smaller than k~! and |K| .
A perturbation of wavenumber k will grow (decay) if w, has positive
(negative) real part. To first order in 4, the curvature " is —k*h and the
x component of the local normal is u, = ikh. Let éc, =cFc.,. We take a
solution of the form

0c, =0C, exp(wpt —itkx Fq.2) £ (cop — Ceq)

in “plus” and “minus” phases, respectively. The additional term ¢, — ¢, is
due to the boundary condition far from the interface. The bulk dynamics
[Eq. (3.1)] yields

0= —(k"—¢°.)— (K.q, T K, k) (4.1)

where K, and K, are the z and x components of K = yQFE. To first order
in h, the interfacial boundary condition (3.3) becomes

Cea g K _kh (42)

CC
6C, = —SAdok*h =

while the expression for the normal velocity, Eq. (3.5), yields

2xceqih=q,0C, +q_06C_—cqu0K k?h (4.3)
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Note that if the field E is tangent to the interface (K,=0), the surface
current contribution to the normal velocity is negligible in the linear
analysis and field effects are only in the modifications of the Gibbs—
Thomson boundary condition and the bulk equation. On the other hand,
if E is normal to the interface (K, =0), the modification of the boundary
condition is negligible in the linear analysis, and the field effects are due to
the surface current and the modification of the bulk equation.

Solving Eqgs. (4.1)-(4.3) for w, gives

K:Bo

Wy = _Z<%KZ+ZCI1"KZ+quI> (4.4)

where ¢, = (g, +¢_)/2. Solving Eg. (4.1) and taking the roots with the
positive real part, we find
K KZ 1/2
q.=—=+{—F+k+iK .k (4.5)
2 4
We consider specific cases. For E=0, we recover the usual zero-field
result, ¢, =k and w, = —d,k%/(2y).""'® Since our choice of boundary
conditions far from the interface corresponds to zero undercooling in the
bulk, the interface is stable to perturbations of all wavenumbers. If the field
is normal to the interface (K, =0), Eq. (4.4) becomes

2

k
Wy = —Z(%KZ‘FdoCh) (4.6)

Note that there is a contribution to the dispersion relation independent of
q:. Since g; ! is the length scale on which ¢ decays into the bulk, the
physical origin of this term is independent of bulk gradients. This is the
contribution from the surface current, and we see that, consistent with the
analysis of Section 3, it stabilizes the interface if X, >0 and destabilizes the
interface if K, < 0. We first consider K, > 0. The interface is linearly stable
at all wavenumbers. In the limit of small k, g, ~ —K, and w;, ~ —K,B,k?/
(2x), where we have used o+ d,=p,- Note that the change in the
asymptotic behavior, w, ~ —k? rather then w,~ —k>, indicates that the
presence of the field strongly stabilizes the interface at long wavelengths
(relative to the zero-field case).

For K, < 0, whether the interface is linearly stable or unstable depends
on the wavenumber of the perturbation. In the limit of small £,
g, ~ —k*/K,, s0 w, ~ a,K,k*/(2y) is positive, and the interface is unstable.
At large k, g, =k, and we approach the zero-field result, w, = —d,k>/(2y),
making the interface stable. The wavenumber at which the interface is
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marginally stable (w,=0) is k= |K,|(2B,)** dg ' Typically in the linear
regime and into the nonlinear regime, one observes patterns with charac-
teristic size given by the wavelength at which the interface is maximally
unstable, i.e., where w, is maximized."-> The wavenumber at which this
occurs is

ki = K2[2B0%0 — di + (Bo + o) (Botto + d ) *1/(3d,)

If the field is tangent to the interface (K,=0), the linear dispersion

relation becomes
k2 K?
Wy = _“<ﬁi_x+do%> (4.7)

2x\ 2q,

Independent of the sign of K, a field parallel to the interface will tend to
stabilize the interface at all wavenumbers. That both terms in w, depend on
q, indicates that the stabilization is due to a combination of the field effects
in the bulk equation and the Gibbs-Thomson boundary condition. The
behavior of the linear dispersion relation at small k is also different from
the other cases. If K, >0, the field provides a length scale normal to the
interface for the decay of dc to its bulk value and ¢, ~ [K,|. For K=0, the
only length scale is the tangential length-scale |k| and we find ¢, ~ [k].
However, for K, =0 but K, #0, the field provides a length scale tangential
to the interface only. We find that, in the limit of small k, ¢, = (|1K,| k/2)*?
and w, = —Bo |K,|>* K*%/(2x \/5). (An analysis without the orientational
dependence of the boundary condition but with the modification of the
bulk equation yields w, ~ —k*2?) Note that the behavior of w, at small
k indicates that a tangential field will strongly stabilize the interface relative
to the case of a normal field, and therefore, at long wavelengths, the inter-
face tangential to the external field will be the most stable configuration.
The results of the above discussion are illustrated in Fig. 3, in which the
dispersion relations are shown for various values and orientations of the
external field.

Our analysis can aid in understanding the results of previous numeri-
cal simulations. It has been observed that, in simulations of the phase
ordering process in a continuum model of a driven diffusive system, the
domains are roughly triangular, with the base of the triangle being the
interface stable to the surface current mechanism (E - @t > 0) while the sharp
vertex is the unstable interface (E - @ <0).¢") Similar shapes have also been
observed in simulations of fingering in driven diffusive systems.®*) These
latter simulations have been carried out for a lattice system in the limit of
large driving field, so comparisons with weak-field continuum models {such
as the one discussed in the present work) have to be made cautiously.
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! \\‘ \
D L_; \' \\

0.00 0.02 0.04
k

Fig. 3. The linear dispersion relation for several values and orientations of E for an interface
with its normal in the +z direction. Four values of E are shown (E= —0.01Z, E=0,
E =0.01%, and E =0.01%). The parameters from the “standard model” are used. The interface
is stable to perturbations of wavenumber k if w, <0 and unstable if w,>0. For small £,
@~ —k* if E=0. If the field is normal to the interface, w;, ~k? if E, <0 and w,~ —k? if
E, <O. If the field is tangential to the interface, w, ~ —k*2

Lattice effects will generally not be reproduced in a continuum description.
However, it is worth noting that the shape of the strong-field fingers is
consistent with the stability or instability as determined by the surface
current (see Fig. 1).

The surface instability can also explain the reason (with the above
caution) that under periodic boundary conditions, one always observes
interfaces oriented tangentially to the field.*”* For periodic boundary
conditions all interfaces must occur as kink-—antikink pairs. If such a pair
of interfaces has its normal in the field direction, the interface with E-i <0
will be unstable to the surface instability discussed above. On the other
hand, for the kink—antikink pair the interface with E- &> 0 will be under-
cooled. Tt will be unstable to the Mullins-Sekerka instability®* at long
wavelengths. For a very large system, this should dominate over the
stabilizing effects of the surface current and hence the interface will also be
unstable. Therefore our results indicate that a kink—antikink pair oriented
normal to-the field will always be unstable and cannot occur in the steady
state, except for sufficiently small systems. (We note, however, that the
maximal value of w, is much larger for the surface instability than for the
Mullins—Sekerka instability for the kink—antikink pair, so that the unstable
modes of the interface with E- i <0 will grow significantly long before the
Mullins-Sekerka instability affects the other interface.) In light of these
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observations, additional Monte Carlo and continuum model simulations
appear to be warranted.

For the steady-state interface oriented tangentially to the field, Monte
Carlo simulations show the interfacial fluctuations are severely suppressed
relative to the equilibrium interface, raising the possibility that, for the
lattice model, the roughening temperature is raised to the nonequilibrium
critical temperature.®*® Figure 4 shows schematically how the combination
of the bulk drift current and the “tilt” term act to enhance the relaxation
of the interface (when it is tangent to the field). Consider the negative
order-parameter bump in Fig. 4. To the left of the bump, the value of ¢? is
lowered due to the modification of the Gibbs—-Thomson boundary condi-
tion. Due to the order-parameter dependent mobility, the drift (nondif-
fusive) current is larger for smaller ¢?, making the bulk current larger on
the left of the bump. On the right of the bump the opposite is true; ¢? is
raised, and the bulk current is lowered. The net effect is to deposit positive
order parameter into the negative-order parameter bump, thereby filling
the bump and relaxing the interface. An analogous argument holds for the
positive order-parameter bump, which is also filled, and therefore these
effects act to relax the interface. Intuitively this enhanced relaxation
suggests a suppression of interfacial roughness. However, to make a more
definite statement requires the inclusion of noise and fluctuation effects,
and connection with lattice models is subject to the usual cautions.

e gy

Fig. 4. A shematic showing the effect of the modification of the Gibbs-Thomson boundary
condition for an interface oriented approximately paraliel to the field. The symbols are the
same as in Fig. 1, with the exception that the smaller arrows are the bulk order-parameter
current rather than the surface current. Due to the orientational term in the boundary condi-
tion, the value of ¢? is smaller (larger) and therefore the current larger (smaller) where E - it
is negative (positive). The effect is to deposit ¢ into the bump of the minus phase and pull
positive ¢ from a bump of the plus phase, thereby stabilizing the interface.
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5. NUMERICAL RESULTS

We perform numerical simulations of the coarse-grained model to
study the stability of the interface when it is approximately normal to the
field. Equation (2.1) is integrated with the “standard model” chemical
potential p= —c+c*—~V?% and mobility ¢=1—c¢> Periodic and
antiperiodic boundary conditions in the field direction are considered. We
find the orientation dependence of the stability agrees with our analysis of
the surface-driven instability.

A discrete version of Eq. (2.1) on an N x N square lattice with N =100
is treated here. A standard forward integration using an Euler scheme with
a mesh size Ax=1 and time interval 4¢=0.01 is used. We start with an
approximately planar interface as our initial condition. To demonstrate the
important stability features discussed in this paper, we need only study
short times. In the figures for this section, we display integrations to time
1 =500.

To model a nonzero flux at the boundaries one must consider an open
system with, for example, periodic or antiperiodic boundary conditions in
the direction of the field. We first consider antiperiodic boundary condi-
tions in the field direction, which is consistent with a single interface or
kink. Periodic boundary conditions are always employed in the direction
transverse to the field. For E=0, the interface given by Eq.(24) is
absolutely stable. However, if the flat interface is slightly perturbed in a
nonzero field, we observe, depending on the orientation of E, a stable inter-
face if E- >0 (Fig. 5a) and an unstable interface if E- i <0 (Fig. 5b). (In
each case |E| =0.1.) The thick arrows in Fig. 5 indicate the motion of the
interface in the two cases. Figure 5 also indicates with small arrows the
incremental flux at each point in the lattice after subtracting off a gobally
constant value equal to the flux at the boundaries. We observe that there
is an accumulation of flux localized in the vicinity of the interface and
directed along the interface. This incremental flux induced by E has been
discussed in Sections 3 and 4 and is responsible for the stability properties
of the interface. The interfacial profile along the central vertical line in
Fig. 5 retains the qualitative features of Eq.(2.4). However, a complete
numerical analysis of the interfacial boundary conditions discussed in
Section 3 requires more extensive solutions.

In Fig. 6, we present the results of our simulation for the evolution of
a kink-antikink pair with periodic boundary conditions. The external field
is again normal to the unperturbed interfaces. The order parameter varia-
tion along the central line has been shown in Fig. 2. As discussed
previously, the interface with E - i > 0 is undercooled. Hence, as argued in
Section 3, the Mullins—Sekerka instability could act to destabilize the inter-
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face having E - &> 0. The simulation shown in Fig. 6 is for a small system
which effectively clamps the Mullins—Sekerka instability. Hence, in agree-
ment with the antiperiodic case, the interfaces with E-i>0 and E-li<0
are stable and unstable, respectively, as indicated by the thicker arrows in
Fig. 6.

Fig. 5. Configurations obtained from a numerical simulation of Eq. (2.1) using antiperiodic
boundary conditions. The normal i is defined as pointing into the “plus” phase. The small
arrows indicate the direction of incremental order-parameter current. The thicker arrows
indicate the motion of the interface. There is an enhanced current (relative to the bulk) at the
interface. In agreement with our analysis, the effect of the enhanced surface current is to
stabilize the interface with E-i{i >0 (upper figure) and destabilizes the interface with E-d <0
(tower figure).

822/70/5-6-6
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Fig. 6. A kink-antikink configuration obtained from a simulation of Eq. (2.1} using penodic
boundary conditions. The symbols are the same as in Fig. 5. As shown by the thicker arrow,
the orientational dependence of the interface stability is the same as that of Fig.5, ie., the
interface is unstable if E-i<0 (the upper interface) and stable if E-i>0 (the lower
interface).

From these examples, we conclude that the stability properties of the
interfaces are determined primarily by their orientation with respect to the
external field. Furthermore, the simulations reveal, in agreement with
the analytic results of Section 3, that a new instability can be driven by an
accumulation of flux in the vicinity of the interface.

6. SUMMARY

We studied the dynamics of an interface between two coexisting solid
phases driven out of equilibrium by an applied field, which through the
chosen boundary conditions induces a flux. Starting from the coarse-
grained level of the Cahn-Hilliard equation, we showed that the external
field has two important effects. First, it leads to an instability mechanism
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localized to the vicinity of the interface. That is, in contrast with the more
studied Mullins—Sekerka type instability, which involves differences in
fluxes normal to the interface, the destabilization is due to flux along the
interface itself. Second, the Gibbs—Thomson relation, which generally
expresses a shift of the order parameter near an interface from its steady-
state value, is modified, the external field producing a novel asymmetry in
the shift. Each of these effects can determine the stability of the interface,
depending on the orientation of the external field with respect to the
interface.

Using the derived macroscopic description of the interfacial dynamics,
we performed a linear stability analysis for a flat interface. We found that,
if the external field is normal to the interface, the effect of the surface
current is dominant. For the field pointing into the “plus” phase, the inter-
face is stabilized, while for the field pointing into the “minus” phase, the
field has a destabilizing effect. This orientational dependence is opposite
what is expected if the Mullins—Sekerka mechanism dominated, i.e., leading
to an unstable interface separating two undercooled bulks (see Fig.2).
If the external field is tangent to the interface, the modification of the
Gibbs-Thomson relation is important and interfacial fluctuations are
suppressed. This suggests an increase in the roughening temperature. More
specifically, we determined the dispersion relation at small wavenumber &
to be w,~ +k?% with the sign depending on the direction of the field
normal to the interface, and w,~ —k*? if the field is tangent to the
interface. These results are in agreement with Monte Carlo simulations of
driven diffusive systems, **»%-3*3% our numerical results expressed in Figs. 5
and 6, and with previous efforts on phase ordering.*"*? We are presently
performing a more thorough numerical study using the modified Cahn—
Hilliard equation to test these results further.©*®

APPENDIX. DERIVATION OF INTERFACIAL EQUATIONS

In this Appendix we derive the interfacial equations from the coarse-
grained description using the method of matched asymptotic expan-
sions.>!7 We use the method of Pego,"® who derived the interfacial
equations for zero field from the Cahn-Hilliard equation. We restate the
bulk model of Section 2. The equation determining the order parameter
c(r, 1) is (2.1),

Z—j:Vzu(c)—E'VJ(c) (A1)
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where yu, the local {zero-field) chemical potential, is taken to be
n(e) = palc) — 3V (A2)

in which pp does not contain any gradients and &, is a measure of the
interfacial width. We assume Ising-like symmetry, so that uy is an odd
function of ¢ and +c,, are the equilibrium values of ¢. The order parameter
current j is given by Eq. (2.3),

j= —Vu(c)+a(c)E (A3)

where o(c) is the order-parameter-dependent mobility, which is chosen to
be a monotonically decreasing function of ¢. Without loss of generality we
take o(c.y)=0. (This corresponds to subtracting a constant current and
does not affect the dynamics.) In this discussion we assume that, far from
the interface, ¢ = *c., + 0(&,), and hence u= O(&,) far from the interface.
(This precludes macroscopic undercooling in the present discussion.)

We treat &, as a small parameter and expand u and ¢ in powers of &,

w=po+ Eopy + S+

(A4)
c=co+&oer+Eic,+ oo

Note that these expansions are not independent, since p is a function of c.
The mobility o, order parameter current j, and normal velocity of the inter-
face v are functions of ¢ and can be expanded in the same manner.

Time is rescaled as t1=¢&,¢ to extract the long-time behavior. The
system is partitioned into bulk (outer) and interfacial (inner) regions. The
interfacial region is defined as a skin around the interface of thickness
larger than O(&,) but less than the macroscopic lengths, which are O(1).
Differential equations for ¢, in terms of u; are obtained for each region
and the solutions for ¢; and u, are matched (to each order in &) at the
boundary between the regions.

For the interfacial (inner) region, we use the time-dependent cur-
vilinear coordinates defined as follows. Let @ and § be the normal and
tangent vectors at the interface point r(s) specified by the contour variable
s. (For simplicity, we restrict the discussion to a one-dimensional interface
in a two-dimensional bulk.) Then not too far from the interface a bulk
point r can be represented by a pair (s, u), where r=r(s)+ uii(s). For the
inner expansion we rescale the normal distance to the interface as w =u/&,,.
Since u~1 is the macroscopic length scale, we must match the inner
solution to the outer solution at 1>»u>» &;. In the limit of &,— O this
corresponds to matching the outer solution to the interface to the inner
solution at w large. Following Pego,*® we may write ¢,=&,(u, r, ) with
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V. ¢, in the § direction. With this choice, d,¢;=0,¢,+ (d,u) 8,C,, and the
dynamical equation (A1) in the inner region becomes

v 1 A
(o0, c~—308,c=— 02 u(c)—~—3,u(c)
0 . 2 p(e) 7, Okt

1
—z (E-1)0,0(c)+d%u(c)— (E-8) d,0(c) (A5)

0
where the curvature # = —V -1 is positive for a bump of the “plus” phase
into the “minus” phase. The normal velocity v= —a,u is positive if the

“minus” phase advances into the “plus” phase. The velocity is also
expanded in powers of &q; v= vy + vy + O(£7). In terms of ¢, the chemical
potential is (dropping all tildes in the remainder of the discussion)

,u(c):uB(c)—ﬁﬁ,c-i- fofawc~égﬁfc
=.“B(Co)‘ai'co+fo[ﬂlgc1_afvﬁ+9{awco]+ (A6)

where the prime indicates the derivative w.r.t. ¢ evaluated at cqy(w).

In the region far from the interface, we are interested in structures much
larger than the interfacial width, so we use the unrescaled time-independent
coordinate systems r. In the outer region the dynamical equation (Al) is

&00.¢=V?u(c)—E-Vo(c) (A7)
where p is given by Eq. (A2) and j by Eq. (A3). The outer solution pf**
is matched to the same order in the inner solution p™, but due to the
rescaling of u in the inner region, the normal derivative of the outer
solution 4, u¢™" is matched to the normal derivative at one order higher
in the inner solution d,,u""". More generally, the matching condition is
T = 9"t at the boundary between the outer and inner regions.

7 w

A1. Zeroth Order

In the inner (interfacial) region the dynamical equation to lowest
order in &, (ie, &;7) is

0=02 4, (A8)

or py=ay+ byw. The requirement that y, and ¢, match an outer solution
at w3 1 means that d,¢, vanishes at large w, u, must be finite, and, hence,
b, =0. Making the analogy with a classical particle in a potential, the only
solution with d,,¢,=0 at large w is the planar interfacial profile. Therefore
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a, also vanishes, ¢, is the zero-field planar interface solution, and p,=0 in
the entire inner region.
In the outer (bulk) region the lowest order dynamical equation is

0=V2u,—E Ve, (A9)

The boundary condition far from the interface is u, =0 and, from the inner
solution, pu,=0 at the interface. The only solution meeting these boundary
conditions is po=0, co=c, in the “plus” phase and ¢,= —c,, in the
“minus” phase.

A2. First Order

The dynamical equation for the inner region [Eq. (A5)] to order &,*
is

— 000, Co= 00ty — A 0y pto— (E- ) 8,,0(co) (A10)
where

Wy =gc, —0ic, + A0, co (A11)
Integrating Eq. (A10) w.r.t. w, we find
—v9Co="0,py — (E-0) a(co) + by (A12)

where we used the zeroth-order result u,=0. We ¢liminate the even terms
in Eq. (A12) by subtracting the expression evaluated for w - —oo from its
limiting value as w — oo,

—[vgco],= _2CeqU0: (011, (A13)

where [«]; indicates the discontinuity across the interface. However, v,
must vanish since 0,,u, at large w must be matched to the zeroth-order
outer solution, J,u,=0. (This is consistent with no macroscopic under-
cooling.) Returning to Eq. (A12) and using v,=0, o(c.,) =0, and 9,4, =0
at large w, we find that 5, =0.

Integrating Eq. (A12) w.r.t. w and using the above results, we find

uy=a; +(E-a) JO dw' 6(co)
=ppey—02e + A0, ¢ (A14)
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To obtain a, we multiply both sides of Eq. (A14) by é,c, and integrate
over the interface

a) [ dw 2o+ (E-0) [ dw e, jow dw’ o(co(w'))

=jdw 6wco(,u;9—8fv)cl+%fdw(6wco)2 (A15)

The function é,,¢, is the Goldstone mode corresponding to a translation of
the interface. The first term on the RHS vanishes after integration by parts
since the Goldstone mode is a zero eigenvector of the linear operator
iy — 02 (8, 39). The last term on the LHS of Eq. (A15) also vanishes since
the integrand is odd. Solving for a, gives

__I o _Cad
2ceq€0 2X 50

where y=(du/dc).;' is the zero-field susceptibility, d,=yl7/cl, is the
microscopic capilliary length, and I'=¢5 | dw(d,c,)? is the zero-field
surface tension. Note that d,, is of order &.

The dynamical equation in the outer expansion is

a;

(A16)

0=V?u, —~E-Vo'c, (A17)

In the outer region c=yuy, where ¢'= F¥Q, with Q= —(do/dc).,, so
that

0=y"'V?,+ QE V¢, (A18)

This is the equation describing the bulk dynamics of the order parameter
field to first order in £,. Equation (A18) implies that, at this order in &,
the quasistatic approximation d,¢=0 in the buik is valid.

Equation (A18) must be solved with the Gibbs—Thomson boundary
condition at the interface. This is obtained by evaluating the inner solution
for u,, Eq. (A14), at w » + o0,

Ceq do

e Ce ﬁO A
=y =920 0K A19
(S 4231 26,7 T2, u ( )

where K~!= (yQE) ™! is a macroscopic length scale related to the external
field and B, is a microscopic length scale of order &, defined by

BoQcey= duo(cofw)

— 0
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[If 6(ce)#0, then more generally, BoQx= [, du(o(co(u))—o(cey)).]
The first term on the RHS of Eq. (A19) is even in  and is simply the equi-
librium Gibbs-Thomson boundary condition indicating that the order
parameter near the macroscopically sharp interface is shifted by an amount
proportional to the curvature. The external field E produces an additional
term which is asymmetric in # and therefore depends on whether the
interface is approached from the “plus” or “minus” phase. As shown in
Section 4, this new term in the boundary condition leads to an additional
stabilizing mechanism when the field is tangential to the interface. This new
mechanism dominates the stability in that case.

A3. Second Order

To complete the first-order description in the bulk, we must obtain
0, 1t, in the inner solution evaluated at large w. The dynamical equation for
the inner expansion [Eq. (A5)] to order &3 is

~0,0,,¢q= 0%ty — A0y pty + 0po— (E- 1) 8,0'c, — (E-8) dla(co)  (A20)
The second-order chemical potential is related to ¢; by
o= 5HpCT+ Hpey — O0hca+ H 0,0, — Dlcg (A21)

Integrating Eq. (A20) over the interface and using the lower-order results,
we obtain

_2U1Ceq= [0, p,—(E-u)a'c ],— A [p, ],

= Lo = (B-w) e, — o (B - i 20

0

=[awﬂz—(E'u)o’cl][_xf(K.ﬁ)@_Oc_eq_ (A22)
2o

where we use Eq (A19) for the discontinuity in y, across the interface. We
can recognize the physical significance of this by noticing that we can
expand the current (in the inner solution) as j=¢&, Y_, +ijo+ odi+ -+ )
where j_,= —00,48,=0, jo= —03,u,+Ec(cy), and j, = —ld,u,—
80,u, +Eo’'c,. We identify j, , = —0,u,+ (E-@)¢’c, and

1 = 1 o
] o=~z 0E9) [ dwolew)

_ iy P (gaySefo (a2

¢a %o
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Since v=_~,gu, +O(E3) and [, ],=CE0[Jy.]+ O(E]), we can write the
normal velocity as

1 ©
[ awa,j+oE)

1 .
U—Ez:q []u]1+2 2l

| .
R I

o 2O (A24)

In other words, in addition to the usual discontinuity in the normal
current, there is also a contribution to the normal velocity due to the
tangential derivative of the tangential current.

A4. Kinetic Corrections to p,

We can also use the method of matched asymptotic expansions to
obtain higher-order corrections to the macroscopic boundary condition. At
the next order the Gibbs-Thomson boundary condition has a contribution
proportional to the normal velocity. Integrating Eq. (A20) twice w.r.t. w,
we obtain

Uy = —D; L aw’ co(w’)+1”£) dw/ul—(E-ﬁ)j aw'a'ci+b,w+a,

0

R R I L (A25)

We need to obtain the value of a, which will enter the Gibbs-Thomson
boundary condition. To do so, we eliminate the ¢, dependence by multiply-
ing by the Goldstone mode d,,¢, (i.€., the zero eigenvector of us —3d2) and
integrating across the interface. This procedure also eliminates all the odd
terms in w in Eq. (A25). Using Eq. (A14) for u,, we find

2c.qa, =20, J dw(ceq —Co) o
0

oo

+(E-d) j, dw d,co fo dw'[a'c, + Ho(cy)]

0 1
—J dw d,co (5 ,u}';cf-i-f@wcl) (A26)

Equation (A25) contains linear divergences for large |w|. These terms
match 8,u$""" and must be subtracted off when obtaining the matching
condition for u, in the outer expansion. We evaluate the “subtracted” y, at
large w. This leads to a very complicated boundary condition for ¢, = u,y
at the outer expansion,
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v 0 + o0
Xflczz_lf dw(c?, —c2)+ A L o (i — iy, )

Ceq
+ o0
_(E-ﬁ)J0 dw'(e’'c; + 0cy )
+ jw dw 8, ¢, ly’{gcf—%(?wcl+(E-ﬁ)dew’a’c1]
20eq7 - e 0

(A27)

where the subscript + indicates that the expression is evaiuated as
one approaches the interface from the “plus” or “minus” phase and
Q = —(d0/dc).,. Therefore at O(£3) there is a kinetic contibution (the term
proportional to v,) to the Gibbs-Thomson boundary condition. For E=0,
¢, is an even function of u, u, is independent of u, and the boundary

condition simplifies to

v @
1=t jo dw(c2,—c3) (A28)
eq

Hence, for E =0, only the kinetic contribution survives at this order.

The kinetic contribution may be important in the case where the bulk
is supercooled by an amount larger than ((&,). For E=0 the dynamical
equations to first order in &, [Eqs. (A18), (A19), and (A24)] are analogous
to the equations describing Hele-Shaw flow.t"? Such an analogy has also
been noted between crystal growth and Hele-Shaw flow.*. We find,
however, that if the supercooling in the bulk is larger than @(&,), ie., if
there is a macroscopic supercooling, v, will be nonzero and there will be
a kinetic contribution to the boundary condition for y,. Therefore, even at
first order in £,, the analogy with Hele-Shaw flow is not complete.

A5. First Order Macroscopic Equations: Summary

The equations describing the interfacial dynamics to first order in &,
are as follows:

(i) The bulk dynamics is given by Eq. (A18),
0=y [V¥*%c+K-Vic] (A29)

where K= yQE, 0 = —(06/0¢)eq, x ' = (84/0¢)eq, and dc = ¢ F coq.
(ii) This equation must be solved with the boundary condition at
the interface given by Eq. (A19),

¢ c N

Sy =Ztdy A+~ fo(K - 8) (A30)
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where d, =yl /ciq, I' is the zero-field surface tension, and B,Qc. =
§ du [o(co(u)) — a(ceg) 1.

(iii}) The interfacial velocity is given by Eq. (A24),

Bo

1
v=—[ju]l+f(K'ﬁ)§;

A3l
e (A31)

The bulk current is j= —y ~'(Vdc + Kéc). Combining this with Eqs. (A24)
and (A19), we find for the normal velocity of the interface
! %

[8,6c],+ A4 (K- i)
2xc 2y

(A32)

v= —
eq

where o= pf,—d, is taken to be positive as in the “standard model.”
Equations (A29), (A30), and (A32) completely define the macroscopic
dynamics to first order in &;.
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